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APPENDIX 

Bingham Plastic Fluids 
Figure 9 is a plot similar to Figure 1 

showing a comparison of experimental criti- 

cal friction factors (obtained from the liter- 
ature for fluids confonning reasonably well 
to the Bingham plastic model) with a 
curve calculated by Ryan and Johnson ( 1 ) . 
The values of n used in plotting the experi- 
mental points were obtained from tangents 
drawn to the laminar flow curve (plotted 
on logarithmic paper) at the break point in 
accord with the method suggested by Metz- 
ner and Reed ( 2 0 ) .  

It is quite evident that the data shown 
in Figure 9 do not agree quantitatively or 
qualitatively with the computed curve. This 
observation emphasizes the fact that the 
parameter n, the point slope of the log-log 
plot of experimental t,-r data, is not a gen- 
eral rigorous index of the flow process ex- 
cept in the case of a true power-law fluid. 
In the case of Bingham plastic fluids one 
might expect the presence of the unsheared 
plug in the central region of the pipe to 
contribute significantly to the stability of 
the flow field. Since Metzner and Reed’s 
technique for treating all fluids in terms of 
a generalized power law fails to take into 
account the semisolid properties of the 
plastic fluids, one must conclude that their 
niethod is inapplicable to these fluids. Thus 
in predicting the onset of turbulence for 
non-Newtonian fluids it has been shown 
that one cannot apply a combination of 
Ryan and Johnson’s theoretical treatment in 
terms of the power law with Metzner’s 
point slope technique. Further theoretical 
investigation of this problem is thus seen 
to be needed. 

Maximum Stable Drop Size in Turbulent Flow 
C. A. SLEICHER, JR.  

Shell Development Company, Emeryville, Colifornia 

PURPOSE AND SCOPE 

Two or more liquids may be caused 
to flow together in a pipe for the pur- 
pose of dissolving the liquids, transfer- 
ring a third component from one phase 
to the other, carrying out a chemical 
reaction, or simply transporting both 
liquids from one place to another. 
Whatever the purpose it is often desir- 
able to know something about the sizes 
of drops that are formed in the pipe. 
Knowledge of some kind of average 
size is often sufficient, although some- 
times the distribution of sizes is re- 
quired. This paper concerns the upper 
limit of stable drop size, knowledge of 

C .  A. SleicheriyTr. i: at the University of Wash- 
ington, Seattle, ashmgton. 
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which is useful for several reasons. 
First of all the maximum stable drop 
size d,,, can itself be used in place 
of the average drop size for making 
conservative estimates of mass transfer 
rates. SecondIy, under some conditions, 
it may be possible to relate an average 
drop size to d,,,. Indeed failure to 
take into account the existence of an 
upper limit in estimates of a drop size 
distribution function may lead to con- 
siderable error ( 7 ) .  Finally knowledge 
of d,,, and the way in which drops are 
broken in a pipe may be valuable for 
comparison with results of theories of 
turbulence. 

Presented here are the results of an 
investigation of the largest stable drop 
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size that can exist in the turbulent pipe 
flow of two immiscible liquids. The 
two principal limitations of the experi- 
mental work are that pipe of only 1 
diam. was used and that the volume 
fraction of the dispersed phase was 
always very low. The Reynolds num- 
bers of the flow of the continuous 
phase varied from 8,900 to 78,000, 
and the range of other variables may 
be seen in Table 4. 

EXPERIMENTAL EQUIPMENT AND 
ITS OPERATION 

A schematic diagram of the basic ap- 
paratus is shown in Figure 1. In order to 
minimize the quantity of contaminants in 
the system the I s - in .  galvanized iron 
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Fig. 1. Diagram of experimental equipment. 

pipe and other auxiliary piping and tub- 
ing were carefully cleaned and then as- 
sembled with a pipe joint compound 
placed only on the rearniost outside 
threads of each fitting. Water was then 
run through the equipment for several 
months before observations were made. 

TABLE 1. LIQUIDS USED 

A-Isooctane 
B-Carbon tetrachloride 
C-Diisopropyl ketone 
D-Methyl ethyl ketone 
E-Benzene 
F-Ondina oil 

Viscosity Density Interfacial 
Mix- range, range, tension 
ture centipoise g./cc. dynes/cm. 

A-B 0.5 to 0.7 0.7 to 1.585 43 to 45 
B-C 1.1 0.998 21.5 
B-D-E 0.56 0.984 8.1 
A-B-F 7.2 to 32.1 0.998 44 

The test section consisted of twelve 4-ft. 
sections of Lucite tubing of 1% in. I.D. 
and % in. wall thickness. The sections 
were fitted together with male and female 
joints that were made concentric with the 
inside of the pipe. Thin neoprene rubber 
gaskets were placed outside of the male 
half of the joints so that the only disturb- 
ance to the inside wall of the pipe wds 
an annular gap about 0.015 in. wide. 

The downstream end of the pipe passed 
through a 1 ft. long Lucite box filled 
with water. All photographs of drops were 
taken through this box which is called 
photographed section in Figures 1 and 2. 
Optical distortion of the drop images 
along lines normal to the faces of the 
box was quite small and was only serious 
within about YS in. of the top and bottom 
of the pipe. Some idea of the distortion 
may be obtained from the photograph of 
spherical drops drifting slowly toward the 
silhouetted scale a t  the far right of Figure 
3. The scale was mounted on the verti- 
cal diameter and contained small notches 

t 

at %-in. intervals. The fine grid in the 
background was mounted outside the box 
and therefore appears more distorted than 
the scale or drops. The purpose of the 
grid was to render colorless drops visible. 
Still pictures were taken with a 2% x 
3% in. automatic, roll-film camera, and 
the box was lit from behind by an intense 
spark of short duration, 

When the apparatus was designed, it 
was thought that a steady stream of drops 
larger than d,,, could be generated with 
a suitable dispersed-phase inlet nozzle. 
Drops of such size are of course necessary 
if drop breakup in the pipe rather than 
at the nozzle is to be studied. However 
the drops from several nozzles at various 
flow rates of both phases never broke up 
on their flight down the pipe; that is they 
were always smaller than d,,,. This diffi- 
culty was skirted by devising a transient 
method of operation in which large drops 
were generated at  a low flow rate and 
broken up at a higher flow rate of the 
continuous phase. To effect this method 
some auxiliary equipment was added to 
the basic apparatus diagramed in Figure 
1. A microswitch, a small electronic cir- 
cuit, an electrically operated valve, and a 
pressurized dye tank were arranged so 
that when the lever valve was thrown a 
Y4-sec. pulse of methylene blue dye in 
water was injected into the plastic pipe 
about 3 in. upstream of the dispersed- 
phase inlet nozzle. This slug of dye was 
detected further down the pipe by a 
photocell, which thereupon caused the 
camera to fire. 

The procedure for making a run was as 
follows. The lever valve was shut, the 
gate valve opened a suitable amount, and 
the globe valve opened to provide a flow 
rate that would generate uniform drops of 
the desired size from the dispersed-phase 
nozzle. When the lever valve was thrown, 
the water flow accelerated to a higher 
rate simultaneously with the injection of 
the dye. Hence an instant later there ex- 
isted immediately downstream of the noz- 
zle a region filled with small drops 
(formed at the higher flow rate) preceded 
by a region filled with the larger, uniform 
drops (formed at  the initial low flow 
rate). The slug of dye served to mark the 

boundary between the two regions. The 
photocell was positioned near the down- 
stream end of the pipe to cause the 
camera to take a picture of the (large) 
drops that were about 3 ft. ahead of the 
slug of dye. These drops had been ex- 
posed to turbulence for most of the length 
of the pipe and were the ones studied in 
this investigation. 

The diameter of the drops was deter- 
mined from photographs taken just before 
the lever valve was opened. These drops 
were thus undistorted by turbulence (see 
Figure 3) and were of the same diameter 
as the drops photographed after exposure to 
turbulence because they were formed un- 
der identical conditions a few seconds 
later. The average diameters found in this 
way agreed within the precision of meas- 
urements (see later discussion) with the 
diameter calculated from the drop forma- 
tion rate and the flow rate of the dispersed 
phase. 

Many runs were made without the aid 
of a camera by simply closing the levcr 
valve and globe valve before the dye left 
the pipe. The drops then drifted to the 
top or bottom of the pipe, where it was 

-- Mirror 
DIAGRAM OF 

PHOTOGRAPHED SECTION 

Lucite Pipe 1 .5"  ID -water 

Fig. 2. Diagram of photographed section. 

possible to measure their diameters and 
observe whether or not they had broken 
UP. 

City water was used as the continuous 
phase in all cases except for the run in 
which the viscosity of the continuous 
phase was increased to 3.96 centipoise by 
the addition of corn syrup, and the last 
five runs listed in Table 4 in which car- 
boxymethylcellulose was added. Organic 
contaminants in the water were negligi- 
ble; the surface tension was 72 2 1 
dynedcm. 

The dispersed phases are described in 
Table 1. The phases were always equili- 
brated except for the A-B mixture, for 
which equilibration was unnecessary. 

To decide from experimental measure- 
ments what d,,, corresponds to a given 
mean fluid velocity it is necessary to ex- 
amine the concept of maximum stable 
drop size a little more closely. First one 
must recognize that in turbulent flow 
there will be a maximum drop size. There 
is a temptation to think that because of 
the statistical nature of turbulence, d,,, 
in a pipe of infinite length will be infini- 
tesimal. For a turbulent fluid however the 
energy and velocity are not normally dis- 
tributed and do have upper limits. The 
drop breakup process is statistical in the 
sense that drops of a given size will re- 
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main intact for varying lengths of time 
before contacting a turbulent eddy of 
sufficient strength to disturb them. The 
lifetimes of marginally unstable drops 
therefore are likely to be distributed in a 
way that is approximately Gaussian, and 
to determine the absolute maximum size 
drop that could survive a given pipe flow 
it would be necessary to have a pipe of 
infinite length. It was observed that for 
a given velocity (final average velocity of 
continuous phase V ) ,  and for sufficiently 
large drops, the size of the largest drops 
just ahead of the dye was proportional to 
the initial drop size. The foregoing state- 
ments and observations indicate that for 
the type of apparatus used a plot of the 
average diameter of all drops larger than 
d,,, vs. pipe length would look like that 
shown in Figure 4. The proper way to 
operate such equipment therefore is to 

TABLE 2. EFFECT OF Viscosrry ON 
PER CENT BREAKUP 

Initial drop diameter 0.60 zk 0.02 cm. 

Percentage or 
number of 

ft./sec. cm./sec. drops broken 

4.2 128 none 
4.3 131 2 out of 20 
4.5 137 2 out of 10 
4.65 142 3 out of 10 
4.8 146 greater than 50% 

start with drops that are at or slightly 
larger than d,,,. In this way the d,,, 
found in a pipe of finite length is likely 
to be little different from the true maxi- 
mum stable drop size. 

In practice dmax for a given velocity 
was determined by making a series of 
runs at different velocities with drops that 
were initially the same size. It was found 
that the fraction of drops that broke up 
was very sensitive to velocity. This is il- 
lustrated hy the data shown in Table 2 
for a series of runs made with a dispersed 
phase consisting of a mixture of isooctane 
and carbon tetrachloride. 

These results show that the velocity cor- 
responding to a given value of d,,, is not 
sensitive to the criterion used for its de- 
termination. In this work the criterion 
used was 20% breakup at the end of the 
pipe. That is &., was assumed equal to 
that value of the initial drop size which 
showed a 20% breakup at the end of the 
pipe. This figure was chosen because a 
larger one would not have been quite as 
close to the maximum size in a pipe of 
infinite length, whereas a smaller figure 
might have been less reproducible be- 
cause of variation in the initial drop diam- 
eter. This will be discussed later. 

EFFECT OF PIPE LENGTH 

An undesirable feature of the tran- 
sient method of operation is that the 
drops are not exposed to fully devel- 
oped turbulence for the entire length 
of the pipe. High-speed movies and 

timing of drops indicated that the 
length of pipe required for the 00w to 
accelerate to essentially its final veloc- 
ity was quite short, about 5 ft. In this 
accelerating period the boundary layer 
was developing, but it could not begin 
to develop toward its final structure 
until the velocity had reached its full 
value. Since roughly 50 diam. or about 
6 ft. were required for the develop- 
ment of the boundary layer, and since 
drop sizes were determined roughly 3 
ft. from the end of the pipe in the 
photographic runs and about 6 ft. 
otherwise, the length of pipe in which 
the drops were exposed to fully devel- 
oped pipe flow was about 39 -5 -6 
-6 = 22 ft. or 176 diam. This dimen- 
sionless measure of pipe length is so 
large as to suggest that the pipe was 
long enough to be sufficiently far to 
the right on Figure 4 to yield signifi- 
cant results. On the other hand the 
drops were in this 22-ft. length of pipe 
for as little as 2.8 sec., which seems 
rather short. The appropriate criterion 
however is that the time be greater 
than any relevant characteristic time of 
the system. The residence time of the 
drops was in all cases very much longer 
than the following characteristic times: 
natural period of drop vibration, mean 
time of diffusion of a drop from center 
to wall, Lagrangian integral time scale. 
Thus intuition based on the above 
reasoning suggests that the pipe length 
was sufficient. 

After the apparatus was finished, the 
guess concerning sufficiency of pipe 
length was subjected to two tests. First 
some runs were made with the photo- 
cell moved 6 to 12 ft .  upstream of its 
normal position so that the lengths of 
exposure to fully developed turbulence 
were 10, 16, and 22 ft. No effect of 
pipe length was noted. Second, experi- 
ments were made by stopping the flow 
early. The results shown in Table 3 
were obtained with p c  = p d  = 0.998, 
pc = 1.00, 

These data indicate that for the 
smaller drops the pipe was amply long. 
For the large drops it was just barely 
or perhaps not quite long enough to 
give results that are asymptotically cor- 
rect within the precision of measure- 
ments. Although a longer pipe would 
have been desirable, it is concluded 
from the foregoing that the length of 
the pipe was great enough to have but 

= 0.63, and u = 44.5. 

slight effect on the d,,,-velocity rela- 
tionships. 

EFFECT OF ACCELERATION AND 
DECELERATION ON DROP BREAKUP 

When the transient method of oper- 
ation was found necessary, it was be- 
lieved that a density difference between 
phases would lead to forces that would 
shatter the drops during the initial ac- 
celeration. This supposition was tested 
by using dispersed phases of densities 
0.7, 0.9, 1.3, and 1.58, accelerating 
them to velocities slightly in excess of 
the critical breakup velocity for about 
5 to 10 ft., and then stopping the flow 
by quickly closing the lever valve. 
Since the drops did not break up under 

Fig. 3. Photograph of Lucite box section. 

these conditions, it may be concluded 
that the processes of acceleration and 
deceleration did not affect the results. 

PRECISION OF MEASUREMENTS 

Initial drop sizes were measured to 
the nearest hundredth of a centimeter, 
but the drops were rarely uniform to 
within that figure. Usually about 95% 
of the drops were within 3 to 7% of 
the mean. 

Bulk average velocities in the pipe 
were measured to about 1 % , but the 
estimates of the velocity at which 20% 
breakup occurred are probably ac- 
curate to about 5%. The low precision 
in velocity is caused primarily by the 
small number of drops that were ob- 
served. 

All physical properties were meas- 
ured to within 0.5% except interfacial 
tension, values of which are believed 
to be accurate to within 3 % . The inter- 
facial tension of isopycnic systems was 
determined by interpolation among 
data for which the organic phase was 
systematically varied in composition. 
For the one system of 8.1 dynedcm. 
the pendant drop method was used. 
A ripple tensiometer similar to one de- 
scribed by Brown (1)  was used for 
other systems. 

TABLE 3. EFFECT OF PIPE LENGTH 

Length of pipe, Fully turbulent Velocity for 20% breakup, 
nozzle to stopped length, approx. cm . /sec. 

drops, ft. ft . diam. d = 0.26 cm. d = 0.64 cm. 

17 6 48 183 k 6 134 -t 6 
25 14 112 171 2 6 131 f 3 
33 22 176 171 5 6 119 -t 3 
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RESULTS 

Effect of Velocity ond Interfacial Tension 
The results are summarized in Table 

4. Their most interesting aspect is the 
strong dependence of d,,, on velocity. 
Figure 5 is a logarithmic plot of the 
data for three isopycnic systems of 
different interfacial tension. Lines of 
slope -2.5 have been drawn and they 
fit the data quite well. 

The dependence of d,,,, upon fluid 
properties was more difficult to discern 
because usually several fluid properties 
were varied together. The data indi- 
cate however that within the range 

I 

1 I 
Pipe Lengh 

Fig. 4. Change of drop size with pipe length 
for a given velocity. 

studied the dispersed-phase density is 
not an important variable. There is a 
slight trend toward greater stability 
when the dispersed phase is either 
lighter or heavier than the continuous 
phase. This trend is probably not signi- 
ficant. 

Hinze ( 3 )  has pointed out that 
when the dispersed-phase viscosity is 
sufficiently small, it will have no effect 
on drop breakup; that is viscous forces 
within the drop will be small compared 
with other forces. If it is assumed that 
dispersed-phase viscosities in the range 
0.6 to 1.1 centipoise were low enough 
to have only a small effect on drop 
breakup, a cross plot of d,,, vs. inter- 
facial tension reveals the effect of inter- 
facial tension alone. Such a plot shows 
that d,,, is proportional to the 1.5 
power of interfacial tension. 

In these experiments d,,, was nearly 
independent of pd within the range 
0.7 to 1.58 g./cc. and of pa below 
about 1 centipoise. The velocity and 
interfacial tension have been shown to 
be important variables, and the viscos- 
ity and density of the continuous 
phase should be important also. If one 
assumes for the moment that the effect 
of the pipe diameter is very small (an 

assumption that will be discussed later), 
one may write 

d m a x  = ~p (V, ~1 pLc) 

I t  follows from dimensional analysis 
that a possible relationship among the 
variables is 

where B and b are constants. Since it 
has been shown that d,,, a V G ,  13 
must equal 1/2. Thus Equation (1) in- 
dicates that d,,, is proportional to u'.~, 
which also agrees with the data. 

Before the effect of high dispersed- 
phase viscosity is discussed, it is ap- 
propriate to compare the results for 
small pd with previous work. Hinze 
( 3 )  and Kolmogoroff ( 5 )  have inde- 
pendently presented theoretical analy- 
ses of the problem, both leading to 

where C is a constant that must be 
determined from experiment. With the 
data of Clay ( 2 ) ,  Hinze estimated the 
constant to be 0.725. Since 

2 Y  E=- 
D 

and throughout a wide range of Reyn- 
olds number 

DVp, -'.' 
f = 0.044 (-) 

EL0 

Equation (2)  can be written as 

d,,, (?>""( g ) 4  
( Ey-"'o* = 1.9 (3)  

In accordance with this equation 
d,,, is proportional to V-'." and to 
u"'. These results are in such striking 
disagreement with those presented 
here that the assumptions and data 
upon which they are based should be 
carefully examined. 

To fit his equation to Clay's data 
Hinze rearranged it to 

and plotted one of the groups in this 
equation against the other on logarith- 
mic coordinates. Since the data points 
were bunched around the line given 
by Equation (4), it was concluded 
that the data followed the equation. 
This conclusion is invalid however be- 
cause most of the variation of the di- 
mensionless gfoups is caused by varia- 
tion of fluid properties. Thus the ordi- 
nate varies by a factor of over 1,000, 
whereas d,,, varies by a factor of only 
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8, and the abscissa varies by a factor 
of over los, whereas E varies by a fac- 
tor of less than 1,000. In fact the scat- 
ter of the data from Equation (4) is 
largely caused by failure of d,,, to be 
proportional to the -215 power of c. 
Thus plotting Clay's data in the fore- 
going manner is not an adequate test 
of Equation (2) .  

Clay's experiments were performed 
in an apparatus consisting of two CO- 

axial cylinders, the inner one of which 
rotated. His table of data gives the 
speed of rotation in the form of a 
Reynolds number. Thus for a given 
liquid system a plot of dmaX vs. Reyn- 
nolds number would reveal the rela- 
tionship between d,,, and velocity. Al- 
though Clay did not determine d,,,,, 

Bulk Average Veloelty. cmlaec 

Fig. 5. Relation between d,,, and velocity. 

he did measure &, the average diam- 
eter of the largest 5% of the drops, 
which would be very nearly equal to 
d,,,. Figure 6 shows values of d,, vs. 
Reynolds number for most of Clay's 
data with different lines for each set of 
physical properties. (Data not shown 
are only those for pd higher than 12 
centipoise, volume fraction of dispersed 
phase higher than 0.038, and runs in 
which the contact time was not long 
enough to be close to steady state). 
Lines of slope -2.5 have been drawn 
through each set of data, and it is 
evident that this slope is close to the 
best single one that could be drawn. 
Thus Clay's data do not fit Equation 
( 2 ) .  

The agreement between Clay's and 
the present data on the slope of the 
d,,,-velocity relationship should be re- 
garded as accidental. Indeed there is 
not agreement on the dependence of 
d,,, on interfacial tension. Although 
this relationship cannot be discerned 
accurately from Clay's data because of 
the influence of other variables, the de- 
pendence of his d,,, on interfacial ten- 
sion is weaker than direct proportion- 
ality. In retrospect it is not surprising 
that Clay's data do not fit either Equa- 
tion ( 2 )  or Equation ( I )  because two 
Taylor vortices (8) were always pres- 
ent in the fluids between his rotating 
cylinders. The flow field therefore was 
different from those for which these 
equations were derived. 

The reason that the data given here 
do not fit Equation (2)  is less apparent 
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than in Clay's case. One of the assump- 
tions underlying Equation ( 2 )  is that 
the breakup occurs in isotropic turbu- 
lence. To check this supposition and to 
aid in understanding the breakup 
process, high-speed motion pictures of 
the pipe were taken. The location of 
the drops in the pipe was established 
by photographing the front and top of 
the viewing section simultaneously with 
the mirror arrangement shown in Fig- 
ure 2.  The drops were made visible by 
the addition of about 0.01% by weight 
of oil red dye. By operating at veloci- 
ties about 15% higher than required 
to make the drops marginally unstable 
and by photographing a sufficient 
number of runs, about eight drops 
were observed in the process of break- 
up. In every case the breakup occurred 
very close to the wall where the tur- 
bulence was least isotropic and homo- 
geneous. Moreover none of the drops 
that passed through the center of the 
pipe oscillated with the large ampli- 
tudes of many of the drops that passed 
near the wall. 

Figure 7 shows four sequences taken 
from the moving pictures. The top half 
of each of the twenty photographs 
shows an 8 in. length of the side of 
the pipe, and the bottom half of 
each shows a simultaneous view 
from the top. (The small circle sur- 
rounded by a faint square in the mid- 
dle of the view from the top is the 
filling hole. See Figure 2 . )  In each of 
the four sequences there is one drop 
in the process of breakup as it moves 
from left to right. The radial position 
of the drops can be ascertained from 
the two views in each photograph. 
These sequences were chosen because 
they are typical of two types of break- 
up that were observed. The first and 
third strips show drops breaking into 
two approximately equal parts. Note 

Fig. 7. High-speed photographs of  drop breakup. 

that considerable stretching of the drop 
occurs before it breaks. In several in- 
stances drops that had stretched to 
cylinders of length greater than four 
times the diameter were observed to 
retract. Some drops larger than d,,, 
however were observed to pass through 
the viewing section close to the wall 
without departing much from a spheri- 
cal shape. It would appear that both 
mean shear and turbulent shear or 
pressure forces play a part in the break- 
up process. The second and fourth 
sequences show a small drop being 
stripped from the larger one. This type 
of breakup was not as frequently ob- 
served as the other and probably oc- 
curs even less frequently when the vel- 
ocity is closer to that required to make 
a drop marginally unstable. I t  is con- 
cluded from the pictures that margin- 
ally unstable drops always break up 
near the wall in the region of high 
shear, and that therefore the Hinze- 
Kolmogoroff equation for drop breakup 
in isotropic turbulence cannot be ap- 
plied to drop breakup in a pipe. 

The only other data that invite com- 
parison with the author's are those of 

Kessie and Rushton ( 4 ) .  They used a 
2-in. diam. pipe with a specially de- 
signed inlet that permitted steady gen- 
eration of drops that were larger than 
the maximum stable size. They meas- 
ured the Sauter mean drop size at 23, 
49, 75, and 100 diam. downstream. 
For five out of six runs at 100 diam. 
their mean drop diameters were larger 
than the maximum predicted from the 
correlation presented here, Equation 
(9) .  This confirms the finding of the 
authors that the drops they generated 
were sufficiently larger than d.,,, 
that they were still breaking up at 100 
diam. Thus quantitative comparison of 
their data with those obtained in the 
present investigation is likely to be 
misleading. 

Effect  of Dispersed-Phose Viscosity 

Hinze ( 3 )  has suggested that the 
dispersed-phase viscosity can be taken 
into account by a term of the form 
1 + p((NV1), where Nv, is a dimen- 
sionless group that includes pn, and cp 
is a function that goes to zero as pd 
goes to zero. This form is acceptable 
because when pd is sufficiently small it 
will play no part in resisting deforma- 
tion of the drops. Thus Equation (I) 
is modified as follows: 

For the viscosity group Hinze used 
pCLd/\/Pdcd which is a ratio of an inter- 
nal viscosity force to an interfacial 
tension force. The significance of the 
group may be understood by examin- 
ing these forces. The interfacial ten- 
sion force per unit area is of order of 
magnitude u/d, and the friction force 
per unit area T is pd a d a x  where a d  
ax is the velocity gradient within the 
drop. If the drop is oscillating at its 
natural frequency of vibration o then 
T is of order &m. The frequency is re- 
lated to the properties of the drop by 

__ 
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( 2 ~ ~ 0 ) '  = n(n + 1) ( n  - 1) ( n  + 2 )  

where n depends upon the mode of 
vibration (6). The most important 
mode is the first, for which n = 2. 
Since the densities of both phases are 
roughly the same, one finds that T is 

of order k - dT. - The ratio of the 

friction force to the interfacial tension 
force is thus pd/dpdud, Hinze's Nv, .  
This dimensionless group is therefore 
related to the viscosity forces that arise 
from the natural frequency of vibration 
of the drops. The photographs show 

d dP 
~ 

10 I I I I I 
P d  

(I 0.4 0.8 1.2 1.6 L.0 

Fig. 8. Correlation of data. 

however that before the drops break 
up they become distorted to an extent 
far beyond the linear region of validity 
of Equation ( 6 ) .  Therefore this vis- 
cosity group may not be of primary 
importance for the psoblem at hand. 

The viscosity forces that are likely 
to be important are those that resist 
the stretching of the drop by the flow 
field. A reasonable assumption is that 
the rate of stretching of a drop (rela- 
tive velocity of the ends of an elon- 
gated drop) is proportional to the dif- 
ference of the mean fluid velocities 
across the drop 21. Near the wall where 
the drops break up the mean velocity 
of the continuous fluid is given by 

and thus 
SY v = 6~ = 2.5 U* - 
Y 

Since the drop is near the wall 

and 
6y/y = 2 

2) - 5u. = 5V d p  
For turbulent flows the variation of 
dT with velocity is quite small, and the 
rate of stretching of the drops would 
be approximately proportional to the 

mean velocity V. Thus the force per 
unit area resisting the stretching is 

proportional to p a -  which divided 

by u/d  is -. This group then is the 

one here chosen to insert into Equa- 
tion (5) and to correlate the effect of 
pd. It is possible that other groups such 
as @ d / d a  may exert some influence 
or that Equation ( 5 )  can be improved, 
but refinements must await more data. 

A simple two-constant form of the 

function cp is K - , and enough 

data were obtained to justify the de- 
termination of the two constants. A 

V 
d '  

kv 
U 

(T >' 

sufficiently accurate and happily mne- 
monic set of values is K = k = 0.7, 
which, combined with the value of 
C = 38, gives the final correlating 
equation 

where 
d, .$oVv' 

Nwe =- 
U 

This correlation and all of the data are 
shown on Figure 8. In the correlation 
considerable weight has been given to 

TABLE 4a. SUMMARY OF BREAKUP DATA 

Density in g./cc. 
Drop diameter in cm. 
Velocity in cm./sec. 

Viscosity in centipoise 
Interfacial tension in dynes/cm. 
Holdup is less than 0.5% except where noted 

Diameter from photographs 

A 
A 
A 
A 
A 

116 
131 

167 
15'5 

1858 

Diameter from direct measurement 

B 
B 
B 
C 
C 
C 
D 
D 
D 
D 
E 
E 
F 
F 
G 
G 
H 
H 
I 
I 
T 
J 
K 
K 
L 
L 
M 
M 
M 
M 
N 
0 
0 
0 
0 
0 

56 
58 
64 
76 

106 
116 
125 
131 
167 
189 
137 
183 
119 
225 
119 
171 
131 
183 
134 
177 
125 
170 
137 
164 
146 
167 
183 
157 
192 
240 
88 

<0.01 116 
0.8 114 
1.3 114 

<0.01 140 
1.7 140 

0.81 
0.57 
0.38 
0.30 
0.24 

0.38 
0.34 
0.25 
0.66 
0.30 
0.24 
0.63 
0.61 
0.43 
0.29 
0.60 
0.29 
0.70 
0.15 
0.64 
0.26 
0.61 
0.29 
0.49 
0.30 
0.63 
0.30 
0.63 
0.44 
0.70 
0.46 
0.32 
0.70 
0.41 
0.24 
0.56 
0.56 
0.56 
0.56 
0.32 
0.32 

L7 

40.4 
38.5 
39.1 
37.2 
38.4 

41.9 
38.1 
38.5 
33.2 
34.8 
34.9 
38.2 
41.6 
53.6 
49.4 
45.7 
45.6 
37.4 
39.0 
33.2 
33.5 
42.3 
46.4 
37.9 
46.6 
45.9 
47.2 
46.6 
51.0 
60.7 
55.9 
48.8 
72.8 
70.5 
72.1 
34.5 

17 17 

0.01625 
0.0183 
0.0217 
0.0234 
0.0259 

0.0387 
0.0401 
0.0442 
0.0389 
0.0543 
0.0594 
0.0204 
0.0213 
0.0272 
0.0308 
0.0223 
0.0296 
0.0167 
0.0315 
0.0168 
0.0242 
0.0200 
0.0280 
0.0196 
0.0259 
0.0164 
0.0223 
0.224 
0.268 
0.468 
0.535 
0.587 
0.145 
1.40 
1.75 
0.0133 
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TABLE 4b up was varied while everything else 

System P a  Po 

A 
B 
C 
D 
E 
F 
G 
H 
I 

K 
L 
M 
N 
0 

J 

0.999 
0.984 
0.998 
0.998 
0.998 
0.999 
0.998 
0.998 
0.998 
0.998 
0.998 
0.998 
0.998 
1.123 
1 

1.08 
1.21 
1.01 
0.96 
0.96 
1.09 
1.00 
0.96 
0.96 
0.96 
0.97 
0.97 
0.97 
3.96 
1 

the points in the vicinity of N,. 

= 0.02. They 

contain most of the data with p. = pd. 
The data with pd smaller and larger 
than p. average slightly larger values 
of the ordinate of Figure 8. Insufficient 
experiments were performed to eluci- 
date this matter further. All of the 
drop diameters are correlated within 
35% by Equation (9), and those with 
p. = pd are correlated witI$n 20%. 
The root mean square deviation of the 
data from the equation is 12%. 

Effect of Pipe Diometer D 
I t  has been shown that gradients of 

the mean velocity may play an impor- 
tant role in the process of drop break- 
up in pipes. In addition the eddies or 
fluctuating components of velocity 
would be expected to influence the 
process. When however u. and V / G  

are used as the characteristic velocity 
and length parameters, the nondimen- 
sionalized fluctuating components as 
well as the local mean velocity are ap- 
proximately independent of Reynolds 
number. This means that for a given 
bulk mean velocity the fluctuating vel- 
ocities are proportional to d% as is the 
relative velocity across a drop. Since 
throughout a wide range of Reynolds 
numbers d F i s  proportional to D-.’, the 
influence of pipe diameter on the 
breakup process is expected to be small. 
This statement applies of course only 
when the drops are much smaller than 
the pipe diameter. 

Effect of Volume Fraction of 
Dispersed Phase 

Fo1 most of the runs the volume 
fraction of the dispersed phase (which, 
after extraction terminology, will here- 
after be called holdup) was so small 
that it would be expected to have had 
little influence on the pipe turbulence 
and drop breakup. Furthermore it is 
necessary in this type of experiment to 

d F  = 38, - PdV 
U 

U 

45 
8.1 

21.5 
43 
43 
45 
44.5 
42.5 
41 
38 
44 
44 
44 
41 
34 

P d  

0.999 
0.984 
0.998 
0.700 
0.905 
0.999 
0.998 
0.998 
1.270 
1.585 
0.998 
0.998 
0.998 
1.120 
1 

Pd 

0.63 
0.56 
1.1 
0.7 
0.65 
0.63 
0.63 
0.65 
0.6 
0.5 
7.2 

14.1 
32.1 
0.63 
0.6 

have so little dispersed phase that drop 
coalescence rates are negligible, which 
usually means holdups of at most 0.5%. 
Attempts were made to decrease the 
rate of coalescence by employing vari- 
ous surface active agents soluble in the 
dispersed (organic) phase. None were 
successful. As was expected however it 
was found that substances soluble in 
the continuous (aqueous) phase could 
greatly decrease coalescence rates. In 
particular carboxymethylcellulose in 
0.01 % concentration reduced by sev- 
eral orders of magnitude the coales- 
cence rate of a carbon tetrachloride 
isooctane mixture dropped into water. 
With carboxymethylcellulose in the 
continuous phase attempts were made 
to get data at higher holdup, but the 
largest attained was 1.7%. 

For the higher holdup runs addi- 
tional (secondary) dispersed phase 
was added to the pipe just upstream of 
the dispersed-phase nozzle. The sec- 
ondary dispersed phase was made 
slightly heavier than the 0.01% car- 
boxymethylcellulose solution and was 
dyed with oil red. The usual primary 
dispersed phase was made slightly 
lighter than the carboxymethylcellulose 
solution and no dye was used. Thus 
after the flow was accelerated and 
stopped in the usual fashion, the sec- 
ondary dispersed phase settled to the 
bottom and the primary phase drops 
drifted to the top where they could be 
measured. If coalescence had occurred, 
colored drops would have appeared in 
the light phase, but none were ever 
found. The limitation on holdup was 
caused not by coalescence but by the 
secondary dispersed phase disturbing 
the generation of nonuniform drops of 
the primary phase. 

The results of these runs are given 
at the end of TabIe 4. The carboxy- 
methylcellulose lowered the interfacial 
tension of the system, but this and 
other physical properties were not 
measured with precision. Instead hold- 
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&as held constant. Holdup‘as hygh as 
1.7% had no effect. Higher holdups 
however would be expected to damp 
the turbulence and thereby yield larger 
drops. In a sense 1.7% holdup is fairly 
high because then the average center- 
to-center distance between drops is 
only about three drop diameters. 
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NOTATION 

B,b 
C 

D 
d 
f 
h 

K,k 

C 

A’ 
Re 
21 

U. 

V 
V, 

Vi 
We 
Y 

= constants 
= a constant 
= continuous phase 
= pipe diameter 
= drop diameter, dispersed phase 
= friction factor for pipe flow 
= holdup, volume of dispersed 

phase expressed as fraction or 
percent of total volume 

= constants 
= a dimensionless group 
= Reynolds number 
= local mean velocity 
= friction velocity, ( ~ . / p )  ’’* 
= bulk average velocity in pipe 
= critical breakup velocity for a 

given size drop 
= viscosity number 
= Weber number 
= distance from wall 

= turbulent energy input per 

p = viscosity 
v = kinematic viscosity 
o = frequency 
p = density 
u = interfacial tension 
T = local shear stress 
T, 

unit mass and time 

= shear stress at the wall 
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